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uUS | Clause Te Clause 10.7.2 needs a technical correction, Bel , L
: ; w are tw ntial revisions for th
10.7.2 not included in the above Amendment. elow are two potential revisions for the
- editors to consider

Some remarks seem necessary to shed the
proper light on this. SRM policy has been to
provide the mathematically exact
formulations ("closed form solutions") for
any coordinate conversion or spatial
operation. This is commendable and
ambitious and definitely needed. However,
in the case of the geodesic distance
formula in Clause 10.7.2, the literature is
concentrated on approximate solutions for
problems of majority need. This is different
than the SRM agenda. Therefore, a
succinct geodesic distance formula within
SRM policy would be a contribution to the
discipline, but has been hard to find.

Revision “A” for Clause 10.7.2

Introduction

As an enhancement of the Spatial
Reference Model (SRM), there could be
a longer discussion of geodesics to
include:

1.1. Definition (it locally minimizes
arclength)
1.2. Differential relationships between

longitude A, latitude ¢,

azimuth o, and arclength s

1.3. Clairaut Equation and constant
14. Statement of the Direct Problem
1.5. Statement of the Indirect

Problem
1.6. References to algorithms
The following draft was originally
conceived as a replacement for Clause
10.7.2 when Revision “B” was not
available. The goals at the time were to
define terms, state the founding
principles, provide examples, and omit
further technical details. Now the
following text is proposed as an
enhancement.

Draft

A geodesic is a curve which is
everywhere locally a distance minimizer
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[Wiki]. More precisely, a curve on the
ellipsoid is called a geodesic if at every

point F, on the curve there is a
sufficiently small segment of the curve
containing F, such that for any two

points A and P, on this segment, the
shortest distance on the ellipsoid from P,
to P, is the same as the arclength of the

curve from P to P,.
EXAMPLE 1: The Equator in its entirety
is a geodesic. Also, any continuous
piece of the Equator is a geodesic.
For any smooth curve lying on the
ellipsoid, the following four quantities
pertain to any point P on the curve:

A = the longitude of P

¢ = the latitude of P

s = the distance traveled along the

curve from an initial point to P
o = the azimuth of the tangent to

the curve at P
Let the tangent (half-line) be given in the
same direction as the direction of travel
along the curve, and let the (forward)
azimuth o be measured clockwise from
North as pictured:
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2

A geodesic curve obeys and is
characterized by this system of
differential equations:

dscosa.=R,, d
dssino = R, cos ¢ dA
dou = sin ¢ dA

Eq.s (1,2,3)
Where, at any point on the ellipsoid, RM
is the radius of curvature of the North-
South normal section, and R, is the

radius of curvature of the East-West
normal section. The Clairaut equation,

(04

—

(sina) R, (cos¢d) =constant, and all
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other properties of geodesics may be
derived from Eq.s (1-3). Eq.s (1-3) may
be rewritten to use any one of dA, d¢,
ds , or da. as the integration step, and
the other three differentials given as
(non-constant) multiples of it.

The Direct Problem of geodesics starts
with an initial position
(A, ¢)=(A,,4,)and an initial azimuth
o =a, and computes for any length of
travel s, the terminating point

A, ¢)=(1,,9,) and the azimuth

o = o, at the terminus.
The Indirect Problem of geodesics starts
with two points, F, given by (A,,0,)

and P, given by (A,,¢,), and asks: Of
all the geodesic curves that start at B

and finish at P,, which one realizes (or

which ones realize) the shortest distance
on the ellipsoid surface between the two
points? Identifying information and other
relevant information for the selected
geodesic(s) is to be computed, such as

o,, o,, the Clairaut constant, and the

distance traveled.
EXAMPLE 2: For an ellipsoid with

e>0, from (A, 0)=1(0,0) to
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(A, ¢) =(180°,0) there are two
geodesic curves which solve the Indirect
Problem, namely o, =0and

o, =180°. There are other connecting
geodesics which do not, such as
o, =90° (half the Equator) and

o, =-90° (the other half).

The above example is a special case.
More typical is the following:

EXAMPLE  3: From B  given
by(A,0)=(0,0) to P, given by
(A, 0) =(90°,45°) there is just one

solution to the Indirect Problem. On the
WGS84  ellipsoid this works out to

o, =45 deg 05 min 45.644 sec with s =

10010386.361 m. Using instead, o, =
45 deg 05 min 27 sec, there is another
geodesic starting at P, traversing 450
degrees of longitude and terminating at
P,. With o, = 45 deg 04 min 49 sec,
there is a third geodesic traversing 810
degrees of longitude and connecting £,

to P,. Etcetera.

There is a vast literature about the
geometry of geodesics and about the
various algorithms for computing them
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and solving the Direct and Indirect
Problems. The algorithms for the Indirect
Problem are differently  designed
depending on the distance s involved.
There are separate approximation
formulas for the short distance case
where s <200km, for the medium

distance case where s <1000km and
for the long lines case where the two
given points are antipodal (Example 2) or
nearly antipodal.

Comments

The above is the text proposed for
inclusion in the SRM. Some additional
explanations follow:

The definition of geodesic proposed here
for the SRM has the backing of the
mathematicians  (e.g. [Wiki] and
[STRUIK]). Arguably, the subject needs
a term for the curves that obey Eq.s (1-
3), and that is the definition
recommended here. This is a matter for
discussion. The alternative is to make
the term synonymous with solution(s) to
the Indirect Problem. This is awkward,
as examples will show. The draft defines
the term geodesic only for curves on an
ellipsoid, but that can be extended in a
natural way to curves on other surfaces,
e.g. Digital Elevation Model surfaces.

In the differential geometry of curves and
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surfaces, “geodesic” is often defined as
follows: A smooth curve lying on a
smooth surface is a geodesic if, at every
point of the curve, the normal vector to
the curve (taking away the surface) is
identical to the normal vector to the
surface (taking away the curve). In other
words, a geodesic has no curvature “of
its own”, but only what it inherits from
lying on the surface. It is as straight as
possible within the constraint to lie on the
surface. This approach is equivalent to
the definition proposed here for the SRM.
The typical text in differential geometry
starts with the above definition and treats
questions about distance minimization in
a later chapter. See for example
[STRUIK].

Eq.s (1, 2) are the decomposition of an
infinitesimal piece of curve into its North-
South and East-West components
respectively, and are true for any curve
on the ellipsoid. Eq. (3), also called the
Bessel equation, makes the curve a
geodesic. It may be derived from the
calculus of variations using the fact that
geodesics are local distance minimizers,
or it may be derived from the differential
geometry concepts above.

References

[NGS] On-line calculator at
http://www.ngs.noaa.gov/cqi-
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Revision “B” for Clause 10.7.2
Introduction

The formula for d.((A,,d,),(A,,0,))in

Section 10.7.2 (“Geodesic distance”) should
be replaced by the following:
Revised formula

If A, =A,, without loss of generality

02
¢, <¢,,and dG zL)l RMdd)
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If A, =—A,,

If d)z 2_¢1v
n/2 62

do= [, Rydo+[ " (-R,)dd

If d)z <—(|)1,

-n/2 02
do =, "Ry )do+ [ R, d

If neither of the above, without loss of
generality O<A, <A,<m, and the
remaining cases are handled as follows:

If ¢, =¢,=0 and A,—A, <ml-¢",
dg =a(h, —1)).

If ¢, =0¢,=0 and A,—X, >n~l-¢",

d is given by Equations (1, 2, 3) below

with the added stipulation that either
¢'(A,)>0  (producing the Northern
hemisphere  geodesic) or ¢'(A,)<0

(producing the  (symmetric)  Southern
hemisphere geodesic).  Either stipulation

leads to the same value for d .

If ¢, #0,, dG is given by Equations (1, 2,

3) below.
where
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d, = [ "\R,’ (@'(1)* + R, cos’

o = [ VR, @) + Ry’ cos’(
(Equation 1)

where the function ¢ = @(A) satisfies the

autonomous 2" order differential equation,

() = — cos(¢)sin(¢p)(1—&”sin’(¢)) _ (2|

1-¢’
(Equation 2)
with boundary conditions ¢(A,)=¢, and

o(X,)=19,. (Equation 3)
where R,,, R,, a, ¢ are defined in

Table 5.6 of Section 5.9

Comments

The above is the text proposed for inclusion
in the SRM. Some additional remarks are
these:

The above is undergoing technical review at
NGA and SEDRIS. It should not be
considered final.

To eliminate the complications of the
longitude discontinuity at A =% 7w, which

disturbs the rotational symmetry of the
problem, this memo has imposed the non-

essential restriction 0 <A, <A, <7 stated

above. This detail can be reworked to be
consistent with the style and conventions of

the SRM.
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If the typography is weak, note that ¢' (“phi-
prime”) is the first derivative of ¢ as a
function of A .
From Table 5.6 of Section 5.9, a =the semi-
major axis of the ellipsoid; g’ =the
eccentricity squared of the ellipsoid;
R,, =the radius of curvature of the meridian;
and R, =the radius of curvature of the
normal section in the East-West direction.
us
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